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Abstract
A new probability distribution function (PDF) called hyper-Exponentially Modified Gaussian (hyper-EMG) is introduced for the analysis of
high-resolution spectra from multiple-reflection time-of-flight mass spectrometers. The hyper-EMG consists of a central Gaussian distribution
modified by multiple exponential tails with different strengths at one or both sides. The basic statistical properties of the new PDF are given
and the analysis of mass spectra containing separated and overlapping peaks is presented. The main requirement is to accurately determine the
positions and areas of the individual mass peaks. From the distances of positions the mass values can be determined, from the areas the population
of different ground and isomeric states can be obtained. The hyper-EMG has been applied to high-resolution time and mass spectra characterized
by mass resolving powers of 140,000 and 520,000 obtained with 133 Cs` and 39 K` ions, respectively. From the measured mass distribution of
39 `
K ions, an overlapping distribution of two peaks with an area ratio of 1:10 and a mass difference of 2.6 ppm (parts-per-million) is generated
and analyzed. The results reveal significant advantages of the new PDF for the evaluation of overlapping distributions for accurate mass and area
determinations compared with commonly used PDFs which are more than one order of magnitude less accurate. It is obvious that the hyper-EMG
can be favorably applied also to other fields.
Keywords: Analysis of asymmetric peak shapes, Mass and abundance determination, Hyper-Exponentially Modified Gaussian, Exponentially
Modified Gaussian, Mixture distributions, High-resolution mass spectrometry, Multiple-reflection time-of-fight mass spectrometer

1. Introduction

[3–7]. The ground-state mass of a nucleus is a basic property.
However, in some investigations the masses of excited states are
also of high interest in nuclear spectroscopy and reaction studies. The lifetime of the excited (isomeric) states [8] can have a
large range, e.g., from nanoseconds to many years. Depending
on the excitation energy and the resolution of the spectrometer
the two mass populations can overlap and must be disentangled for at least two reasons: firstly to assign unambiguously
the value of the ground-state mass and secondly to deduce in
addition the population of the isomeric state and the excitation
energy. From these requirements, it is obvious that the positions
and the areas of the observed overlapping distributions must be
accurately determined.

The investigation of short-lived exotic nuclei is a major research field in many modern accelerator laboratories worldwide
[1]. Exotic nuclei, characterized by extreme proton-to-neutron
ratios compared to stable nuclides, reveal novel features of the
nuclear force. Therefore, the measured properties of exotic nuclei can contribute to improve substantially the understanding
of the strong interaction and the synthesis of the elements in
the universe [2]. High-resolution accurate mass measurements
of exotic nuclei reflect the nuclear binding energy which determines the structure and stability of the measured species.
New key experimental tools in this field are MultipleReflection Time-Of-Flight Mass Spectrometers (MR-TOF-MS)
tailored to measure the mass and abundance of exotic nuclides

In MR-TOF mass spectrometry the measured time distributions are converted into mass distributions and the corresponding areas can yield abundances of isotopes, reaction probabilities for their production and finally also the population of the
observed ground and excited states. A critical part of the anal-
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where τ+ ą 0 is the scale parameter or standard deviation of
the exponential distribution. In what follows, the Gaussian PDF
fG px ; σG , µG q and the exponential PDF f+e px ; τ+ q are written as
fG pxq and f+e pxq, respectively. The support of f+e pxq is the set
of positive real numbers. The joint PDF f+emg px ; σG , µG , τ+ q of
a Gaussian distribution and an exponential distribution defined
for the positive arguments is given by:

ysis of the spectrum is the exact reproduction of the shape of
the measured peaks. Often these peaks can be simply described
by pure Gaussian functions, particularly when statistical processes dominate the probability distribution. However, in highresolution measurements, where the phase-space of the trapped
ions has been strongly reduced by experimental methods, the
contributions of image aberrations, field imperfections (contributions of higher-multipole components) and mechanical misalignments are clearly observed in the tails of the distribution
and thus require non-Gaussian analysis methods.
In the literature, a wide range of probability distribution functions (PDFs) are proposed to analyze non-Gaussian distributions [9–20]. The properties of the previous often-used PDFs
are summarized in the first part of this paper and compared with
the herein proposed new PDF, the hyper-EMG.
The hyper-Exponentially Modified Gaussian (hyper-EMG)
proves superior in the analysis of a spectra measured with a
MR-TOF-MS. Measured high-resolution time and mass spectra
are analyzed with previously applied PDFs and the new hyperEMG. The comparison clearly demonstrates the power and versatility of the hyper-EMG.

+8
ż

f+emg pxq “ f+e pxq ˚ fG pxq “

f+e puq fG px ´ uqdu
-8

+8
ż

„ 
„

px ´ u ´ µG q2
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exp
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(3)
f+emg pxq is generally known as EMG distribution but because of
its characteristic positive skew it will be referred to as PS-EMG
in what follows.
Similarly a NS-EMG f-emg px ; σG , µG , τ- q can be obtained
by the convolution of a Gaussian distribution fG pxq and an exponential distribution defined for the negative arguments, which
is characterized by the PDF f-e px ; τ- q:
$
’
if x ą 0
&0
„ 
(4)
f-e px ; τ- q “ 1
x
’
if x ď 0,
% exp
ττ-

2. Commonly used skewed non-Gaussian functions
The so called Exponentially Modified Gaussian (EMG) function is a widely-used function to model the peak shape with
exponential deviations in the tails of the central Gaussian. An
EMG is obtained by the convolution of a Gaussian and a truncated exponential function. Two types of Exponentially Modified Gaussian (EMG) appear in the literature depending on
the asymmetry of the peak shape. They are characterized by
a positive skew or a negative skew, i.e., they have exponential
tails in the positive and/or negative directions. However, in the
literature the term EMG is used for both positively and negatively skewed EMGs. For the sake of clarity, in this article the
terms Positively Skewed Exponentially Modified Gaussian (PSEMG) and Negatively Skewed Exponentially Modified Gaussian (NS-EMG) are used to make the distinction.
An EMG PDF describes the distribution of the sum of two
independent random variables, one being exponentially and the
other Gaussian distributed. Since the joint PDF of the sum of
two independent continuous random variables is given by the
convolution of their PDFs [21, 22], the EMG PDF is obtained
by the convolution of the PDFs of a Gaussian distribution and
an exponential distribution. A convolution is indicated by the
symbol ˚ in this work.
The PDF fG px ; σG , µG q of a Gaussian distribution with a
mean value µG and a variance σ2G (σG ą 0) is defined as:
„

px ´ µG q2
1
exp ,
(1)
fG px ; µG , σG q “ a
2σ2G
2πσ2G

where τ- ą 0 is the scale parameter or standard deviation of
the distribution. The support of f-e pxq is the set of negative real
numbers. The PDF of a NS-EMG f-emg px ; σG , µG , τ- q is thus
given by:
+8
ż
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(5)
Both f-emg pxq and f+emg pxq are continuous, real-valued and supported on the interval (-8, +8).

The exponential distribution defined for the positive arguments
is characterized by the PDF f+e px ; τ+ q:
$
„ 
’
& 1 exp -x
if x ě 0
τ+
f+e px ; τ+ q “ τ+
(2)
’
%0
if x ă 0,

3. Properties of the hyper-EMG
3.1. Mixture distribution
Mixture distributions describe random variables that are
drawn from a collection of other random variables. This sce2
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Figure 1: Calculated NS-hyper-EMG, PS-hyper-EMG and the new hyper-EMG distributions. The solid lines represent the NS-hyper-EMG distribution in panel
(a) and the PS-hyper-EMG distribution in panel (b) with the same shape parameters and their corresponding weighted NS-EMG and PS-EMG components. The
dashed line corresponds to η1 “ 0.6, τ1 “ 1, the dotted line to η2 “ 0.2, τ2 “ 5 and the dash-dotted line to η3 “ 0.2, τ3 “ 20. The solid line in panel (c) shows
the hyper-EMG distribution constructed from the NS-hyper-EMG (dotted line) and PS-hyper-EMG (dashed line) distributions depicted in panel (a) and (b) with a
mixing weight of Θ “ 0.3. All the distributions have the same σg “ 1 and µg “ 0 values.

nario arises when different mechanisms generate data according to different models and the variable that indicates which
mechanism generated an observation is not recorded, and only
the response variable is available [23–25]. In statistics, this is a
tool to model heterogeneity in the sense that different elements
of a sample may belong to different components. However, it
may also be simply used as an extremely flexible method of
modeling to achieve a good fit to data which could not be accommodated by a single distribution. The PDF of a mixture
distribution is expressed as a convex combination of arbitrary
PDFs:
n
ÿ
f px ; ηi q “ ηi fi pxq,
(6)

In what follows, the hyper-exponential PDF for the positive
arguments h+e px ; τ+i , η+i q and the hyper-exponential PDF for
the negative arguments h-e px ; τ-i , η-i q are written as h+e pxq and
h-e pxq, respectively.
The PDF of a hyper-exponential distribution is thus evidently
a convex combination of PDFs of exponential distributions.
The support of h+e pxq is the set of positive real numbers and
for h-e pxq it is the set of negative real numbers.
3.2. Hyper-EMG distribution
The PDF of a mixture distribution, whose component distributions are either all PS-EMG or NS-EMG distributions, is
given by a convex combination of corresponding PDFs. This
PDF can successfully model asymmetry caused by a Gaussian
peak shape having multiple exponential tailings with different
strengths towards one of its sides. Tailing will cause a shift in
the maximum of the peak shape and introduces a positive or
negative skew in the peak shape that depends on the tailing direction.
The PDF h+emg px ; σG , µG , τ+i , η+i q of the mixture distribution of PS-EMGs is given by the joint PDF of a hyperexponential distribution (defined for the positive arguments)
h+e pxq (see Equation 7) and a Gaussian distribution fG pxq (see
Equation 1):

i“1

where f1 pxq, ..., fn pxq is a finite set of component PDFs. Each
of these PDFs reflect the behavior of an underlying process,
belonging to a different mechanism and
ř η1 , ..., ηn are the mixing
weights such that 1 ě ηi ě 0 and ni“1 ηi “ 1 and that fi pxq
are normalized.
By definition the component distributions can be of different
types, for example exponential-gamma, exponential-Weibull
etc. [26]. If all the components of a mixture distribution belong
to the same parametric family (e.g., all Gaussian, all exponential, etc.), it is called a parametric mixture model distribution.
An example is the finite mixture of exponential distributions
[27], which is often referred to as hyper-exponential distribution, h˘e px ; τ˘i , η˘i q. Here the ` and ´ signs indicate if the
function is defined either for positive or negative arguments,
respectively. The PDF of a hyper-exponential distribution is
given by the convex combination of exponential distributions
f˘e px ; τ˘i q, (see Equations 2 and 4):
h˘e px ; τ˘i , η˘i q “

n
ÿ

h+emg px ; σG , µG , τ+i , η+i q “h+e pxq ˚ fG pxq
n
ÿ
“ η+i f+e pxq ˚ fG pxq
i“1
n
ÿ

“

(8)

η+i f+emg pxq,

i“1

η˘i f˘e px ; τ˘i q,

(7)

which is a convex combination of PS-EMG PDFs (see Equation
3). This function is referred to as Positive Skewed hyper-EMG
(PS-hyper-EMG) in what follows (see Figure 1b).

i“1

such that the parameters τ˘i ą 0, 1 ě η˘i ě 0 and

řn
i“1

η˘i “ 1.
3
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Similarly the PDF of the mixture distribution of NS-EMGs,
h-emg px ; σG , µG , τ-i , η-i q can be expressed as a convex combination of NS-EMG PDFs (see Equation 5):
h-emg px ; σG , µG , τ-i , η-i q “

n
ÿ

η-i f-emg pxq.

4

Gaussian to a hyper-exponential form at regions far from the
peak maximum.
The new PDF which is capable of accommodating this functional behavior is developed from the basic statistical principles
and is presented in the following. The deviation from a pure
Gaussian function is due to the multiple exponential tailings
of different strengths on both of its tails. It can be described
by using the PDF of a two component mixture distribution of
a PS-hyper-EMG and a NS-hyper-EMG. The skewness of this
function can be either positive, negative or zero depending on
the strength, direction and scale parameters of constituting exponential tails. Such a PDF will be referred to as hyper-EMG
distribution in what follows.
A hyper-EMG PDF hemg px ; σG , µG , τ+i , τ-i , η+i , η-i , Θq
is given by a convex combination of PDFs of a PShyper-EMG distribution and a NS-hyper-EMG distribution (see Equations 8 and 9) with the mixing weight Θ (see Figure 1c).
It is expressed as:

(9)

i“1

This PDF is referred to as Negative Skewed hyper-EMG (NShyper-EMG) in what follows (see Figure 1a).
Both h-emg pxq and h+emg pxq are continuous, real-valued and
supported on the interval (-8, +8). The peak maximum of
these distributions are always on or within half of the unmodified Gaussian towards the tailing direction. In a wide range of
fields the recorded experimental data are often dominated by
statistical processes and only slightly deviate from a Gaussian
profile because of symmetric or asymmetric (exponential like)
tailings on both of its ends. The resulting peak shape can be
either symmetric or asymmetric but deviates significantly from

hemg pxq “Θ h-emg pxq ` p1 ´ Θq h+emg pxq
m
n
ÿ
ÿ
“Θ η-i f-emg pxq ` p1 ´ Θq η+i f+emg pxq
i“1

i“1

ff
«
ff
px ´ µG q
px ´ µG q
σG
σG
?
`
erfc ?
` ?
τ-i
2τ-i
2τ-i
2σG
«ˆ
ff
«
ff
˙
n
2
ÿ η+i
px ´ µG q
px ´ µG q
σG
σG
?
´
` p1 ´ Θq
exp
erfc ?
´ ?
,
2τ+i
τ+i
2τ+i
2τ+i
2σG
i“1
m
ÿ

η-i
exp
“Θ
2τ-i
i“1

«ˆ

˙2

řm
Such
řn that 1 ě Θ ě 0, σg ą 0 and τ˘i ą 0, i“1 η-i “ 1
and i“1 η+i “ 1 where 1 ě η˘i ě 0. hemg pxq is thus a PDF of
a mixture distribution whose individual components are joint
PDF of Gaussian and exponential distributions. By using the
distributive property of the convolution, hemg pxq can be also
written as
´
¯
hemg pxq “ Θ h-e px ; τ-i q ` p1 ´ Θq h+e px ; τ+i q ˚ fG pxq
(11)
which means that the hemg pxq is formed by the convolution of
the PDF of a Gaussian distribution with the weighted sums
of PDFs of hyper-exponential distributions defined for positive
and negative arguments. hemg pxq is continuous, real-valued and
supported on the interval (-8, +8).
The hyper-EMG provides a powerful tool to model the
symmetric and asymmetric spreading of a Gaussian signal
caused by independent processes with the individual scale
parameters τ and the strength or height of the tailing is
addressed by the weight parameters η. The parameter Θ
addresses the relative strength of the tailings towards the
negative and positive directions. A hyper-EMG PDF requires
2N+1 parameters to model a Gaussian distribution modified
by N exponential tails. Even for the same shape parameters
(τi , σG and µG ), the peaks shapes can be significantly different

(10)

for different weight parameters ηi and/or Θ. PS-EMG (Θ “ 0
and η+1 “ 1), NS-EMG (Θ “ 1 and η-1 “ 1), PS-hyper-EMG
(Θ “ 0) and NS-hyper-EMG (Θ “ 1) are special cases of a
hyper-EMG function. The peak maximum of a hyper-EMG
distribution will be always on, or within the unmodified
Gaussian distribution. When σG " τi (for all τ+i and τ-i ), the
hyper-EMG approaches a Gaussian form. The convolution
of a hyper-EMG PDF hemg px ; σG , µG , τ+i , τ-i , η+i , η-i , Θq
with ‘r’ Gaussian PDFs with individual variances σ2G s
and mean values µG s will result in another hyperEMG PDFř hemg px ; σG s , µG s , τ+i , τ-i , η+i , η-i , Θq, where
σ2Gr “ σ2G ` rs“1 σ2G s ř
is the new unmodified Gaussian variance and µGr “ µG ` rs“1 µG s the new unmodified Gaussian
mean. All the other parameters remain the same as for the
original hyper-EMG.
4. Statistical moments of a hyper-EMG
For a mixture of one-dimensional (univariate) distributions
f1 pxq, ..., fn pxq with the mixing weights η1 , ..., ηn (see Equation
6), the zeroth moment (area or total probability), the first moment (mean), the second central moment (variance) and the
third central moment (unnormalized skewness) can be calculated using the expressions given in Table 1. Here the areas
4
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Ak =1, the mean values µk , the variances σ2k and unnormalized
skewnesses θk are the corresponding moments of the component distributions. The central moments can be used to characterize the shape of the distribution, independently of translation.
The variance gives the measure of dispersion of a distribution
about its mean value and it is by definition a non-negative quantity. The third moment (unnormalized skewness) indicates the
degree of asymmetry of a distribution. Negative values for the
skewness indicate that the tailing towards negative direction is
long relative to positive direction and vice versa. Symmetric
distributions should have a near zero skewness whereas a zero
skewness does not necessarily mean a symmetric distribution
since asymmetries may even out.

5

EMG distributions up to the third central moment are shown in
Table 2. The statistical moments for PS-hyper-EMG and PShyper-EMG with component weights ηi and exponential scale
parameters τi are given in Table 3.
For a hyper-EMG distribution composed of two component
mixture of a PS-hyper-EMG distribution and a NS-hyper-EMG
distribution with the component weights p1´Θq and Θ, the area
AH , the mean value MH , the variance S H and the unnormalized
skewness θH can be calculated using Tables 1 and 3 as:
AH “Θ A-h ` p1 ´ ΘqA+h
MH “ΘM-h ` p1 ´ Θq M+h
S H “ΘS -h ` p1 ´ Θq S +h ` Θ p1 ´ Θq pM-h ´ M+h q2
θH “Θ θ-h ` p1 ´ Θq θ+h
` 3Θ p1 ´ Θq pM-h ´ M+h q pS -h ´ S +h q
“
‰
` Θ2 p1 ´ Θq ´ Θp1 ´ Θq2 pM-h ´ M+h q3 .

PS-hyper-EMG and NS-hyper-EMG distributions are mixture distributions of PS-EMG and NS-EMG distributions, respectively. Statistical moments of the component distributions
are necessary to calculate the statistical moments of the mixture distributions. The statistical moments of PS-EMG and NS-

(12)

Table 1: The statistical moments of mixture distributions with the mixing weights ηk , the component areas Ak “ 1, the mean values µk , the variances σ2k and the
unnormalized skewnesses θk [23, 28].

Area (A M )
p
ř
ηk Ak “ 1
k“1

Mean (M M )
p
ř
ηk µk

p
ř

k“1

k“1

Variance (S M )
”
ı
ηk σ2k ` pµk ´ M M q2

p
ř
k“1

Unnormalized skewness (θ M )
”
ı
ηk θk ` 3σ2k pµk ´ M M q ` pµk ´ M M q3

Table 2: The statistical moments of PS-EMG [29] and NS-EMG distributions. The ˘ sign in the expressions for mean value (M) and unnormalized skewness (θ)
denote that they are different for PS-EMG and NS-EMG PDFs. The sign ` should be selected for the PS-EMG and the sign ´ for the NS-EMG. The exponential
scale parameter τ is τ+ for the PS-EMG and τ- for the NS-EMG. µG and σ2G are the mean value and variance of the unmodified Gaussian distribution.

Area (A)

Mean (M)

Variance (S )

Unnormalized skewness (θ)

1

µG ˘ τ

σG ` τ

˘2τ3

2

2

Table 3: The statistical moments of PS-hyper-EMG and NS-hyper-EMG. The ˘ sign in the expressions for mean value (Mh ) and unnormalized skewness (θh )
denote that they are different for PS-hyper-EMG and NS-hyper-EMG PDFs. ` should be selected for the PS-hyper-EMG and the sign ´ for the NS-hyper-EMG.
For PS-hyper-EMG τi and ηi are τ+i and η+i and for NS-hyper-EMG they are τ-i and η-i .

Area (Ah )
n
ř
ηi Ai “ 1
i“1

Mean (Mh )
n
ř
µG ˘ ηi τi
i“1

σ2G `

Variance (S h )
”
ı
ηi ` ηi p1 ´ ηi q2 τ2i

n
ř

i“1

5. Application of the hyper-EMG in high-resolution timeof-flight mass spectrometry

˘

n
ř
i“1

Unnormalized skewness (θh )
”
ı
2ηi τ3i ` p1 ´ ηi q3 ηi τ3i ` 3 p1 ´ ηi q ηi τi S i

sic principle of this technique is to accelerate the ions through
a potential difference of known strength. The kinetic energy of
all accelerated ions is approximately the same and in the keV
range. Of course, it depends on the selected charge state of
the ions. The motion of an ion in the electromagnetic field is

Time-of-flight mass spectrometry (TOF-MS) is characterized by fast and broadband measurements as well as hightransmission efficiency and single-ion sensitivity [30]. The ba5
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determined by its mass-to-charge ratio. In this work the ions
discussed are in charge state 1` and the terms mass and massto-charge ratios are used synonymously. The mass-to-charge
ratios of the ions are determined from the time it takes for them
to reach a detector at a given distance. The mass is proportional
to the square of the flight time, and the mass resolving power
pm{∆mq is the ratio of the total flight time (t) and twice the
width of the time distribution (∆t):
´ m ¯
t
“
(13)
∆m
2∆t

relatively easy. However, for overlapping peaks, both, the positions and the areas will be influenced by the underleying tails
from the neighboring peaks.
The position and area informations are critical for highprecision measurements in nuclear physics. Therefore, it is
extremely important to have an accurate model for the measured time distributions, which can handle well any symmetric
or asymmetric tailings of the peak. The hyper-EMG PDF is an
ideal tool which offers the necessary flexibility to take the different processes into account which determine the experimental
distribution. The hyper-EMG has been used to analyze measured characteristic time and mass spectra from the MR-TOFMS device [34, 35]. It is a powerful and universal mass spectrometer with single-ion sensitivity and high separation power.
Mass resolving powers at full width at half maximum (FWHM)
as high as 600000 and a mass accuracy of 10´7 have been
achieved [34]. This makes the apparatus ideally suited for experiments with exotic nuclei characterized by a life-time larger
than a few milliseconds.
First of all, this work presents the modeling of highresolution time-of-flight spectra over 5 orders of magnitude in
the intensity with different PDFs. A simple way to get the initial parameters for the hyper-EMG is illustrated. The accuracy
in position and area determination is presented by shifting measured mass spectra to simulate both well seperated and overlapping distributions.
A measured good-statistics time spectrum of Cs` ions is presented in Figure 2 after 210 laps in the analyzer of the MRTOF-MS [34]. In the spectrum 6ˆ105 events were accumulated. The non-Gaussians tails are clearly visible. The total flight time was 9.9ˆ106 ns and the corresponding FWHM
35 ns. Both values yield a mass resolving power of 140000
(Equation 13). The peak shape shows a Gaussian-like peak with
several exponential tails of different strength on its trailing and
leading edge. The hyper-EMG function (see Equation 10) used
to analyze these data is:

The peaks in the time-of-flight spectra are often Gaussianlike when the uncertainty in time of flight is dominated by the
initial, viz. thermal, velocity spread of the ions prior to acceleration. This leads to different flight times even for otherwise
identical ions. This influence can be reduced by increasing the
extraction field strength, however at the expense of an increase
in the energy spread of the ion population, which leads to chromatic aberrations. Hence, a compromise has to be found for
the optimal mass resolving power. A solution is to extend the
flight path by use of devices with multiple passes [31]. This
idea lead to the development of MR-TOF-MS [32, 33] which
can achieve orders of magnitude higher resolving powers compared to conventional TOF-MS. In MR-TOF-MS the ions are
reflected back and forth multiple times in an electrostatic double mirror system (analyzer), to enhance their flight path, before
they are extracted to impinge on a detector. Assuming the timeof-flight errors due to initial conditions, ∆t0 , which include in
particular the turn-around time, and the time-of-flight errors in
each turn in the time-of-flight analyzer due to aberrations, ∆ta ,
are independent of each other, the mass resolving power of a
multiple-pass TOF-MS is given by [34]:
´ m ¯
“
∆m

pt0 {Na q ` ta
b
2

2

p∆t0 {Na q ` p∆ta q

,

6

(14)

2

where t0 is the time-of-flight from the start position to the detector without any flight path extension by reflections, ta is the
time-of-flight for a single lap in the analyzer and Na is the number of passes in the analyzer. In the case of a large number
of passes, Na Ñ 8, the overall mass resolving power tends
towards the ion optical resolving power ta { p2∆ta q, which can
be made orders of magnitude larger than the resolving power
achievable in single-pass TOF-MS. In this way the relative influence of the width of the Gaussian peak gets reduced with
increasing number of laps. The higher-order ion-optical aberrations and collisional effects with the atoms in the residual gas
appear as pronounced tails at both sides of the Gaussian profile.
The mass values are determined from the peak positions of
the measured spectra. The task is to accurately determine the
peak positions and differences, i.e., the fitted PDF must unambiguously model the measured distributions. For the investigation of the abundance of isotopes or isomers, besides the positions, the areas must be accurately determined simultaneously
[6]. The peak positions should be determined with an accuracy of 10´7 or better and the area determined in the percentage range. In the case of well separated peaks, the evaluation is

f pxq “ A hemg px ; σG , µG , τ+i , τ-i , η+i , η-i , Θq,

(15)

where A is the area of the peak and i “ 1, 2, 3, the number
of exponential
ř tails. Since the weight parameters ηi follow the
condition 3i“1 η˘i “ 1, the number of free parameters is reduced from 16 to 14. The hyper-EMG function requires 2(N+1)
parameters to model a peak shape with N exponential components. An example of curve fitting is shown in Figure 2. The
iterative least-squares method [37, 38] is employed, where chisquare, defined in the following formula, is minimized:
χ2 “

ÿ ˆ yi ´ ni ˙2
i

σi

,

(16)

Here, yi is a predicted value by the model function f pxq and
ni is a measured value at a given point. σi is an estimate of the
?
standard deviation for ni , which is defined by σi “ yi and determined iteratively. The method of maximum likelihood is also
used to confirm treatment of the bins with poor statistics [39].
The two methods give identical results for the data presented
6
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Figure 2: Measured time spectrum from MR-TOF-MS [34]. The spectrum consists of 6ˆ105 events and corresponds to a total flight time of 9.9ˆ106 ns which
is used as an offset in the presented spectrum. The FWHM of this time distribution is 35 ns and thus yields a mass resolving power of «140000, see Equation
13. In panel (a), the experimental data are represented by filled gray circles. The fit with a hyper-EMG with three exponentials on the trailing and leading edges
corresponds to the solid black line. The Gaussian fit and the one with the Exponential-Gaussian Hybrid function [18, 36] are represented by a dotted and a dashed
line, respectively. The magnified view of the distribution and the models close to the maximum of the peak are shown in panel (b). Here, the vertical axis has a
linear scale. The panel (c) shows the normalized residuals from the hyper-EMG fit defined by the ratio of the residuals and the estimated standard deviations. The
projection of the normalized residuals is shown on the right side.
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in Figure 2. A good agreement between the data and the fit is
also reflected by the normalized residuals (Figure2, panel(c)).
One can see that the fit describes well the data, especially also
the transitions between different exponentials. Within the uncertainties
? even the simple non-iterative chi-square method of
σi “ ni ` 1 gives same values for A, σG , µG , and τ˘1 as the
two other techniques. An important advantage of the hyperEMG, compared with many of the available parametric peak
shapes, is the ease to deduce the initial values for the fit parameters. The method to estimate the initial values is shown in
Figure 4. The values of σG and µG can be estimated by fitting
a Gaussian to the spectra. The area A can be estimated from
the total counts. The value of Θ can be estimated by taking
the ratio of counts on the either side of the peak maximum of
the spectra. Different τ parameters can be estimated by plotting
the spectra in log scale and identifying the different linear sections and fitting with exponential functions. The obtained initial
guess parameters are listed in Table 4. The fit to the data was
performed also using a pure Gaussian function, an ExponentialGaussian Hybrid function (EGH) [18, 36] (see Figure 2 , panels
(a) and (b)), a NS-EMG function, a Dowsett function [15] and
a hyper-EMG functions for different tailing orders. To compare
the fit results, the goodness of the fit in each case is quantified

2

2

Figure 3: The χ2red value for different models applied to the data in Figure
2. Here the models used are Gaussian, Exponential-Gaussian Hybrid (EGH)
[18], NS-EMG (see Equation 9), Dowsett [15], and hyper-EMG (see Equation
15). The number of left and right exponential tails included in the function
are shown in the brackets, respectively. The total number of free parameters
included in the model is shown on the right vertical axis.

by calculating the reduced chi-square (χ2red ):
7

χ2red “

χ2
v

,

(17)
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Figure 4: Illustration of the method to assign the initial fit parameters. The different sections of the measured time spectrum from Figure 2 are modeled with
different functions to achieve the initial fit parameters as shown in the figure. The experimental data are represented by grey spheres. The total flight time of this
measurement is 9.9ˆ106 ns which is used as an offset in the presented spectrum.

Table 4: Initial guess parameters and the final parameters from the hyper-EMG
fit of the distribution from the Figure 2. σG and µG are the standard deviation
and mean value of the unmodified Gaussian. τ- and τ+ are the scale parameters
of the exponential tails decaying towards negative and positive direction and
η- and η+ are corresponding weight parameters. A is the area and Θ is the
mixing weight parameter of NS-hyper-EMG and PS-hyper-EMG functions, see
Equations 15 and 10.

where v, the degree of freedom, is the number of data points minus the number of fit parameters. An optimal value of the χ2red is
close to 1. If the value of χ2red ą 1, it indicates that the fit has not
properly modeled the data and in the case χ2red ă 1 the data are
overfitted. This condition is based on the assumption that the
uncertainties of the bin contents are Gaussian distributed. The
χ2 value was calculated for each case and is shown in Figure
red
3. The best fit to the data was obtained with the hyper-EMG
function with three tails on each side. The high flexibility of
hyper-EMG functions to attach independent exponential components to a Gaussian profile enables the good agreement between the data and the fit. The comparison between the hyperEMG, and other functions shows that the high flexibility is not
only necessary to describe the area but also to model accurately
the position of the distribution (see Figure 2b).
The magnified view of the region around the peak maximum
of the spectra (see Figure 2b) shows that a proper modeling of
the tails is necessary to describe accurately the data around the
peak maximum. The most accurate description of the peak position and the area is obtained with the hyper-EMG. The other
fit functions underestimate the peak area, since they do not take
the higher order tails into account, which include a significant
part of the peak area. This underestimation of the peak area
shows up as well in the region of the peak maximum.
The tails observed in Figure 2 are expected to have the following origin: tails towards longer and shorter flight times can
arise from higher-order ion-optical aberrations in the electrostatic mirror system, in the post analyzer reflector and in the
extraction channel. The dominant contribution of the aberrations belongs to the fourth-order TOF aberration with respect

Para.

Initial values

σG
µG
τ-1
τ-2
τ-3
τ+1
τ+2
τ+3

16.07 ns
2.25 ns
17.4 ns
44.9 ns
98.2 ns
7.56 ns
233 ns
2105 ns
581754
0.5435
0.0153
0.0017
0.0152
0.0017

A
Θ
η-2
η-3
η+2
η+3

Fit parameters
Uncertainty
Value
10.95 ns
0.06 ns
9.150 ns
0.067 ns
0.14 ns
15.19 ns
43 ns
2 ns
11 ns
126 ns
11.30 ns
0.61 ns
7 ns
195 ns
292 ns
1660 ns
581958
7680
0.0027
9.6167
0.0853
0.0060
0.0048
0.0012
0.225
0.015
0.0043
0.0519

to the energy. This leads to a fourth-order parabola in the timeenergy phase space [41]. As a result, a tailing towards longer
flight times appears. Further mixed third-order TOF aberrations, which belong to aberrations of second-order in space or
8
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spectrum is characterized by a mass resolving power of 520000
related to the FWHM=70 keV of the distribution. The superb
resolving power is obtained after the ions have traveled 980 laps
in the analyzer. This excellent performance has been achieved
by many technical improvements as well as the time-correlated
data analysis for drift correction. These developments will be
described in forthcoming publications [40, 42].
A main motivation of this work is to demonstrate the importance of an accurate peak shape model in quantitative analysis
of the separated and overlapping mass distributions. From the
measured mass distribution of 39 K` ions two statistically independent distributions with an area ratio of 1:10 is generated
by splitting the data. The events in these distributions are 5224
and 52231. These distributions were then positioned exactly at
2ˆ10´3 u (1863 keV) and 0.1ˆ10´3 u (93.15 keV) mass difference to generate the data for the analysis. For the large distance
of 2ˆ10´3 u the mass distributions are completely separated,
whereas for 0.1ˆ10´3 u the distributions overlap. The shift of
0.1ˆ10´3 u corresponds 1.33 times the FWHM. The practical
results obtained with the hyper-EMG compared with commonly
used EMG and Gaussian PDFs are presented. The shifted overlapping mass distributions are presented in Figure 7. In this
simulation based on a measured mass spectrum the true areas
and the peak positions are known, i.e., the analysis with the
different PDFs gives the uncertainties in mass and abundance
determination due to the fit results. This investigation is quite
realistic because the shape of the mass distributions is identical
for overlapping peaks in high-resolution mass measurements of
nuclear physics. In this case, the overlapping peaks represent
isobars and isomers. The peak shape conservation can be used
to identify unresolved contaminants in the measured mass distribution. The widths of the mass distributions for different isotopes or in general, for species with different masses, are normally different and scale with the mass value under the same
experimental conditions during the measurement.
The shape parameters of the distributions were obtained from
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3

Figure 6: The χ2red value for different models applied to the data in Figure
5. Here, the models used are Gaussian, NS-EMG (see Equation 9) and hyperEMG (see Equation 15). The number of left and right exponential tails included
in the function are indicated in the brackets, respectively. The total number of
free parameters included in the models is shown on the right vertical axis.
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1000

1
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Figure 5: Measured mass spectrum of 39 K` ions from MR-TOF-MS [40].
The achieved mass resolving power is 520000 at FWHM which corresponds to
a width of 7.49ˆ10´5 u corresponding to 1.92 ppm (parts-per-million, 10´6 ).
The number of events in this spectrum is 57 455. The mass spectrum is depicted
in linear (panel a) and logarithmic (panel b) scales to illustrate the quality of the
different fitted curves near the maximum and also in the tails. The filled circles
represents the data and the different fitted curves are indicated by the legend.

angles and first-order in energy, lead to tailing towards both
leading and trailing edge of the peak. The tail to the longer
flight times belongs to the case that the energy of the ion is
smaller than the mean energy of the ions. When the ion energy
is larger than the mean energy, the tail appears to shorter flight
times. Depending on the experimental conditions the different
processes contribute with different strength to the resulting peak
shape.
In the previous section, the performance of the hyper-EMG
PDF with measured time-of-flight data is demonstrated. The
quantitative advantages of a versatile PDF for mass spectrometry can be even more directly shown when it is applied to a converted mass spectrum. In Figure 5, a measured high-resolution
mass spectrum of 39 K` ions from MR-TOF-MS is presented,
which is taken from forthcoming publications [40, 42]. The
9
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Figure 8 shows the deviation of the peak position (in keV
and ppm) from the true value obtained for different models.
The achieved accuracies for the overlapping mass distributions
are (0.2˘1.2) %, (28˘1) %, (12.5˘0.8) % deviations from the
known distance of 93.15 keV for the hyper-EMG(2,3), the NSEMG and the Gaussian, respectively (see Figure 8).
Figure 9 shows the deviation of the individual peak areas
and area ratio from the true value obtained for different models. Here the hyper-EMG reproduce the true value by an order
of magnitude better than other commonly used models even in
the case of area ratio where one expect the tailing effects would
cancel.
Hyper-EMG(2,3) is the optimal choice for this particular case
since this function reproduce the peak shift (see Figure 8), true
areas (See Figure 9a) and the true ratio of the areas (See Figure
9b) within the statistical uncertainties with the minimum number of parameters. Figures 8 and 9 shows that the EMG and
Gaussian PDFs clearly failed to reproduced the results within
the statistical uncertainty. The conclusion is that only the hyperEMG is well suited for accurate mass analysis to evaluate the
overlapping distributions, e.g., mixtures of ground state and
low-excited nuclei.
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Figure 8: Determined position differences for the overlapping mass distributions. The peaks are accurately positioned at a distance of 0.1ˆ10´3 u corresponding to 93.15 keV and 2.6 ppm and thus overlap. The peak differences
obtained with different fit functions are compared with the true value. The number of left and right exponential tails included in the fit function are indicated
in the brackets, respectively.
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Figure 7: Simulated overlapping mass spectra deduced from the measured
mass spectrum of 39 K` ions [40]. Two statistical independent distributions are
generated from the measured distribution (see Figure 5) with an exact intensity
ratio of 1:10 and a peak distance of 0.1ˆ10´3 u corresponding to 93.15 keV
and 2.6 ppm. The peak positions and the areas are thus known and represent
ideal tests for the performance of the different PDFs. The overlapped distributions have identical shapes with a FWHM of 70 keV. The mass spectrum
is depicted in linear (panel a) and logarithmic (panel b) scales to illustrate the
quality of the different fitted curves near the maximum and in the tails. The
filled circles represents the data. The different fitted curves are explained by the
legend.

the high statistic non-overlapping peak (Figure 5) and were kept
constant for the modeling of the overlapping peaks. The free
parameters used in the fitting of the overlapping peaks are areas
and peak positions corresponding the individual peaks. The fit
to the data obtained with different models for single and overlapping peaks are illustrated in Figures 5 and 7. The errors in
the analysis of the peak position for the separated mass spectra
are relatively small (ă 3 ˆ 10´3 ppm) for all PDFs, even for the
case where the data is poorly fitted (see Figure 6). The striking
fact is that only the hyper-EMG reaches the required accuracy
for the separated and the overlapping mass distributions with
respect to the determination of the area.

6. Summary and outlook
In this work, a new analytical probability distribution function, the hyper-EMG, is developed. It is capable of modeling measured distributions with a central Gaussian part with
either one or both of its sides modified by multiple exponentials of different strengths. The hyper-EMG is obtained by the
convolution of a Gaussian distribution with hyper-exponential
functions decreasing towards both positive and negative directions. The application of the hyper-EMG in modeling MRTOF-MS spectra has been quantitatively demonstrated. The
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of 520000 in this mass range the obtained accuracy represents
a unique experimental tool for the research with exotic nuclei
which is complementary to the traditional photon spectroscopy.
Of course, one has to take into account that for rare exotic nuclei
the intensities are much lower in on-line experiments, because
the production cross sections of interesting nuclides are very
small [1].
The developed hyper-EMG will be used for the analysis of
recently measured new masses of 238 U projectile and fission
fragments and also for the experimental study of mass-resolved
isomers [40, 43, 44]. The experiments have been performed
with the FRS Ion Catcher facility [35] which includes the fragment separator FRS [45] and the cryogenic stopping cell [46].
High-resolution time-of-flight mass spectrometers can be
used also in other fields [47]. Mobile and compact MR-TOFMS can be used in chromatographic, medical, biological and
environmental applications. Moreover, the MR-TOF-MS are
now commercially available for analytical mass spectrometry
which can also open new fields [48, 49]. In all of these fields the
presented hyper-EMG can be well applied to analyze the measured spectra. In addition, the hyper-EMG can also be used in
modeling data from photon detectors or measured energy-loss
distributions of heavy ions penetrating through matter [50].
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